Analytic representations of Green’s functions for numeric field computations near thin wires

Th. Heubrandtner^a, B. Schnizer^a and R. Veenhof^b

aInstitut für Theoretische Physik, Technische Universität, Graz, Austria bEuropean Laboratory for Particle Physics (CERN), Geneva, Switzerland

Numeric methods for electrostatic field computations meet difficulties in dealing with point charges or thin wires. Analytic representations of Green’s functions in cylindrical coordinates are used as a workaround. Various (series and integral) representations for free space, outside a conducting wire, within a conducting tube and for a coaxial cable are given and their convergence properties are discussed. Closed expressions embracing the singularity combined with integral representations for the reaction field work best.

1 Introduction

A charge in a particle counter is subject to two fields: 1) The external static field provided by the electrodes; 2) the field due to other charges. A realistic computation taking into account the second contribution can be done only numerically. Such an approach meets some difficulties in dealing with point charges or thin wires as used in coaxial counters. These problems can be dealt with by using analytic expressions for the field of a point charge fulfilling the boundary conditions; so a Green’s function is needed. No closed expressions are available. Unfortunately, expressions conprising infinite sums (and/or integrals) over particular solutions of the potential equation are slowly or not at all convergent if the field point is located at or near a certain surface passing through the source point. It is the main message of this paper that difficulties with such series or integral representations occur on these surfaces although the field and the source point are different so that the potential, the Green’s function and the field components are finite, even analytic. We give modified

1 Supported by Fonds zur Förderung der wissenschaftlichen Forschung, Vienna, Austria; Grant No. P 10648-NAW 2 Corresponding author. email: schnizer@itp.tu-graz.ac.at.

Preprint submitted to Elsevier Preprint 12 October 2004 representations, where this singularity is comprised in an analytic expression giving the Coulomb potential of a point charge in free space while the infinite sum of terms accounting for the boundary condition(s) has nice properties for numerical evaluations.

After discussing the singular surfaces specific to the Green’s function in cylindrical coordinates ρ, ϕ, z (sect.2), the modification described above is performed for the Green’s function outside an ideally conducting wire. In the next two sections we perform the same cure for a hollow tube and for a coaxial structure. We also show the problems besetting the eigenfunction expansions used for these two configurations. More details and figures can be found in a report, [1].

2 Green’s function for free space

The Green’s function for free space is the solution of the potential equation for a unit source, ΔG = −δ(z −z^′) δ(ϕ−ϕ^′) δ(ρ−ρ^′)/ρ , vanishing at infinity. The following integral representations of this function are quoted from [2]:

G_F (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = = 1 4π 1 R = 1 4π 1 √ ρ^2 − 2ρρ^′ cos(ϕ − ϕ^′) + ρ^{′2} + (z − z^′)^2

, (1)

= 1 2π^2 ∞∑ m=0 ϵ_m cos[m (ϕ − ϕ^′)] ∞∫ 0 dλ cos[λ(z − z^′)] I_m(λρ_<)K_m(λρ_>),(2)

= 1 4π ∞∑ m=0 ϵ_m cos[m (ϕ − ϕ^′)] ∞∫ 0 dζ e^{−ζ|z−z′|}J_m(ζρ)J_m(ζρ^′) (3)

with ρ_> = max(ρ, ρ^′) and ρ_< = min(ρ, ρ^′). ϵ_m = (2 − δ_{m0}) is the Euler coefficient. The potential of a point charge Q located at ρ_0, ϕ_0, z_0 is Φ = Q G(ρ, ϕ, z; ρ_0, ϕ_0, z_0)/ε_0; that due to a given charge distribution ρ_c is: Φ = 1 ε_0 ∫ ρ^′dρ^′ ∫ dϕ^′ ∫ dz^′ G(ρ, ϕ, z; ρ^′, ϕ^′, z^′) ρ_c(ρ^′, φ^′, z^′) . (4)

The closed expression in eq.(1) is finite, even analytic, everywhere except if field and source point coincide. The two integral representations ”remember” this singularity on surfaces passing throug the singular point. In fact, replacing the modified Bessel functions by their asymptotic expressions, [3], in the integrand of (2) displays the convergence of that integrand as:

cos[λ(z − z^′)] e^{−λ(ρ>−ρ<)}/λ √ ρ_< ρ_>. (5)

It is seen that convergence is slow and conditional on the cylindrical surface ρ_> = ρ_< and nonexistent if in addition z = z^′ even if ϕ ≠ ϕ^′. The asymptotic behaviour of the integrand of (3) is:

e^{−ζ|z−z′|} [ cos[ζ(ρ − ρ^′)] + cos[ζ(ρ + ρ^′) − mπ] ]/ ζ √ ρρ^′. (6)

Convergence is slow and conditional in the plane z = z^′ passing through the source point. The integrands for the field components E_ρ and E_z derived from that of the potential lack the λ or ζ in the denominator of (5) or (6); so they do not converge on the singular surfaces just described. It is obvious that all these deficiencies are very disadvantageous in numerical field computations based on such representations. In free space one will use the closed analytic expressions and will so avoid these difficulties. But in problems where conducting wires or tubes are present, the usual representations of the corresponding Green’s functions display similar behaviour on and near the singular surfaces; this must and will be remedied below by use of the representations just discussed.

3 Green’s function outside a wire

The electrostatic potential outside an ideally conducting wire of radius b and the corresponding Green’s function G_E must fulfil the boundary condition: ρ = b and/or z = ±∞ : Φ = 0, G_E = 0. The corresponding integral representation is found from formula (2) by adding partial solutions (regular for ρ ≥ b) of the homogeneous potential equation such that the sum fulfils the boundary condition. This amounts to replacing the radial functions in the intgrands of (2) by the following ones:

[I_m(λρ_<)K_m(λρ_>) − K_m(λρ)K_m(λρ^′)I_m(λb)/K_m(λb)].

The first term of the new radial function is the same as above and has the disadvantageous properties discussed after (5). But the infinite sum comprising all these terms can be replaced with its closed expression (1). No closed expression is available for the infinite sum comprising all the second radial terms representing the reaction field due to the presence of the wire; it must be evaluated numerically. For that purpose it is advantageous to change the variable of integration from λ to λ/b. So the Green’s function G_E is decomposed as:

G_E (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = G_F (ρ, ϕ, z; ρ^′, ϕ^′, z^′) + H_E(ρ, ϕ, z; ρ^′, ϕ^′, z^′) (7) with

H_E (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = − 1 2π^2 ∞∑ m=0 ϵ_m cos[m (ϕ − ϕ^′)] I_{Em}, (8)

I_{Em} = 1 b ∞∫ 0 dλ cos[λ(z − z^′)/b] K_m(λρ/b)K_m(λρ^′/b)I_m(λ)/K_m(λ). (9)

3.1 Numeric evaluation of the integrals

The numeric evaluation of the integrals (9) is not very difficult if some precautions are taken. The amplitudes of the integrands tend to zero rather fast with increasing values of the integration variable λ as long as at least one of the variables ρ and/or ρ_0 > b. In general, the integrands oscillate and, though the amplitude is very small, this property renders some numeric integration programs mad if the upper limit of integration is infinity. For the integrals we evaluated an upper limit λ_u = 15 gave amply sufficient accuracy; this was checked by an integration extending the upper limit to λ_u = 30.

For large λ the behaviour of the above integrand is:

cos[λ(z − z^′)/b] e^{−λ[(ρ>+ρ<)/b−2]}/λ. (10)

So convergence is good as long as not both ρ and ρ^′ are at or very near to b. So for the modified representation there remains only one difficult domain, if 2b ≤ ρ + ρ^′ ≤ 3b; but the difficulty besetting the original expansion for any ρ = ρ^′ is remedied.

As an example the charge distribution η(ϕ, z) = ε_0E_ρ induced on the wire by a point charge Q is computed. So the derivative of eq.(7) w.r.t. ρ, thus also the derivative I_{Em,ρ} of the integrals (9) are needed. These are shown in Figs.1 and 2, the surface charge density in Fig.3.

3.2 Use of the formulas in Garfield

The formulae derived above have been used in the program Garfield, [4].

4 Greens function within a conducting hollow tube

The electrostatic potential within an ideally conducting tube of radius a and the corresponding Green’s function G_T must fulfil the boundary condition: ρ = a and/or z = ±∞ : Φ = 0, G_E = 0. The corresponding integral representation is found from formula (2) by replacing the radial functions in the intgrands by the following ones:

[I_m(λρ_<)K_m(λρ_>) − I_m(λρ)I_m(λρ^′)K_m(λa)/I_m(λa)].

The infinite sum of integrals each containing the first term of the above backet is replaced with the closed expression in (1). In the remaining sum the variable of integration is changed from λ to λ/a. So the Green’s function G_T is decomposed as:

G_T (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = G_F (ρ, ϕ, z; ρ^′, ϕ^′, z^′) + H_T (ρ, ϕ, z; ρ^′, ϕ^′, z^′) (11)

The second term is the same series as in (9) but with I_{Em} replaced by

I_{T m} = 1 a ∞∫ 0 dλ cos[λ(z − z^′)/a] I_m(λρ/a)I_m(λρ^′/a)K_m(λ)/I_m(λ) .(12)

The behaviour for large λ of the integrand above is:

cos[λ(z − z^′)/a] e^{−λ(2−ρ>+ρ<)/a]}/λ. (13)

The integrals converge as long as ρ + ρ^′ < 2a. But convergence may be slow if both ρ and ρ^′ are at or very near to a. The problem occuring with ρ = ρ^′ < 2a for any ρ in the original representation has been removed.

4.1 Eigenfunction expansion

As the radial domain is finite there is a discrete complete set of eigenfunctions. This may be used to represent the Green’s function as [1], [5], [6] :

G_T (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = 1 2πa ∞∑ m=0 ϵ_m cos[m (ϕ − ϕ^′)] K^T_m(ρ, ϕ; ρ^′, ϕ^′), (14)

K^T_m(ρ, ϕ; ρ^′, ϕ^′) = ∞∑ n=1 e^{−jmn|z−z′|/a}

J_m(j_{mn}ρ/a)J_m(j_{mn}ρ^′/a) j_{mn} J^{′2}_m (j_{mn})

. (15) j_{mn} are the zeros of the Bessel function J_m, i.e. J_m(j_{mn}) = 0, n = 1, 2, ...; they may be computed within an add-on package [8] of Mathematica. The series over n is conditionally and slowly convergent in the plane z = z^′; the corresponding series for the field components E_ρ and E_z are not convergent. Similarly as in (6) this is shown [1], [9], [1] using asymptotic expressions for the Bessel functions and their zeros [3]. These slowly convergent or non-convergent series may be summed [9] by non-linear sequence transformations [10], but it appears more secure to use the integral representation (12). At the contrary, for large |z/z^′| these series converge rapidly, while wild oscillations due to cos[λ(z − z^′)] in the integrands of (9) or (12) may lead to trouble, though the total contribution will be small.

5 Greens function for a coaxial guide

5.1 Integral representation

The integral representation of the Green’s function G_C valid in the annular domain b ≤ ρ ≤ a and fullfilling the boundary conditions along the two ideally conducting electrodes and at infinity: ρ = a, b and/or z = ±∞ : Φ = 0, G_C = 0 is obtained from the corresponding one for free space, eq.(2), by adding two solutions regular in this domain and subjecting the sum to the above boundary conditions. Thereafter it is decomposed as done before:

G_C (ρ, ϕ, z; ρ^′, ϕ^′, z^′) = G_F (ρ, ϕ, z; ρ^′, ϕ^′, z^′) + H_C (ρ, ϕ, z; ρ^′, ϕ^′, z^′). (16)

The second term is the same series as in (9) but with I_{Em} replaced by

I_{Cm}(z − z^′, ρ, ρ^′) = ∞∫ 0 dλ cos[λ(z − z^′)][I_m(λρ)c_m(λ) + K_m(λρ)d_m(λ)](17)

with

c_m(λ) = K_m(λa) [I_m(λb)K_m(λρ^′) − I_m(λρ^′)K_m(λb)]/N_m(λ) , (18) d_m(λ) = I_m(λb) [I_m(λρ^′)K_m(λa) − I_m(λa)K_m(λρ^′)]/N_m(λ) ; (19)

N_m(λ) = I_m(λb)K_m(λa) − I_m(λa)K_m(λb). (20)

Replacing the modified Bessel functions in the radial part of the integrand above by their asymptotic formulae gives after some rearrangements:

e^{−λ(2a − ρ − ρ′)} + e^{−λ(ρ + ρ′ − 2b)} − e^{−λ(2a − 2b + ρ − ρ′)} − e^{−λ(2a − 2b − ρ + ρ′)} 2λ √ ρρ^′ [1 − e^{−2λ(a−b)}]

The first two terms are decisive for the convergence of the integral; it converges unambiguously as long as both ρ and ρ^′ do not coincide with either the inner or outer radius.

In a coaxial counter the inner radius is very small as compared to the outer one, e.g. a/b ≈ 600. In the integral above the variable λ is replaced with λ/b and it is rearranged such that the ratio K_m(λa/b)/I_m(λa/b) ∼ e^{−2λa/b} gives the magnitude of terms. Since this ratio is very small these terms are small and what remains is the integrand of I_{Em}. These estimates justify the use of G_E in place of G_C for large values of the ratio a/b as long as ρ and ρ^′ are in the vicinity of the wire.

5.2 Eigenfunction expansion

The eigenfunction expansion of the Green’s function G_C is given by formula (15) but with K^T_m replaced by ([1], [5], [6]):

K^C_m(ρ, ϕ; ρ^′, ϕ^′) = π^2 4 ∞∑ n=1 e^{−qmn|z−z′|/a} q_{mn}

R_{mn}(ρ)R_{mn}(ρ^′) J^2_m(q_{mn}b/a)/J^2_m(q_{mn}) − 1

. (21)

The radial function defined as

R_{mn}(ρ) = J_m(q_{mn} ρ/a)Y_m(q_{mn}b/a) − Y_m(q_{mn} ρ/a)J_m(q_{mn}b/a).

fulfils the boundary condition at ρ = b for any value of q_{mn}. But the boundary condition ρ = a : R = 0 is satisfied only for those q_{mn} which are roots of the transcendental equation R_{mn}(ρ) = 0. they may be computed within an add-on package [8] of Mathematica. However, for small values of the ratio b/a as it applies to coaxial counter geometries the numerical double precision procedure meets with difficulties for values of the azimuthal node number m larger than 6. But this is problem can be circumvented. For such values of m the Bessel function J_m is practically zero for small arguments; so it does not ”feel” the central wire. Thus a radial function J_m(j_{mn}ρ/a) may be used in place of R_{mn}(ρ) and j_{mn} in place of q_{mn} for those values of n where difficulties appear; but be careful, for larger values of n q_{mn}ρ/a may no longer be small enough.

The convergence properties of the infinite sum in (21) are the same as those of (15). The domain around |z − z^′| = 0 is dangerous as discussed after eq.(15).

6 Conclusions

We have shown how potential and the field due to a point charge outside an ideally conducting wire, within a conducting tube or a coaxial cable may be repesented as a series of integrals which converge very well so that they are useful for numeric field computations.

References

[1] Th. Heubrandtner, B. Schnizer, R. Veenhof, Electric field computation in the vicinity of a wire.

[2] H. Buchholz, Elektrische und magnetische Potentialfelder, Springer, 1957, pp.

34-35.

[3] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions. Dover Publ., New York, 1965.

[4] http://consult.cern.ch/writeup/garfield/cnl.html

[5] E. Durand, Emilie, Electrostatique. vol.2. Problèmes généraux conducteurs.

Paris, 1966. ISBN 2-225-52107-7 .

[6] F. E. Borgnis, C. H. Papas, Electromagnetic Waveguides and Resonantors, Encyclopedia of Physics (Ed. S. Flügge), v.16, Springer, 1958. pp. 321-330; p. 301

[7] Wolfram, The Mathematica book, Cambridge Univ.Press, Cambridge, 1996.

[8] Wolfram Research, Mathematica 3.0 Standard Add-On Packages, Cambridge University Press, 1996, pp.338-339.

[9] Th. Heubrandtner, B. Schnizer, J. Schulte, Kleinheubacher Berichte 42 (1999) 450-455 .

[10] J. Weniger, Computer Physics Reports 10 (1989) 189 - 371.

S. Singh, W.F. Richards, J.R. Zinecker, D.R. Wilton, IEEE Trans. AP38, 1958- 1962, 1990.

Fig. 1. The derivative w.r.t. ρ of the integrals b I_{Em}, m = 0, ..., 4, versus the relative longitudinal coordinate z/b for a point charge located at ρ^′ = 2b, ϕ^′ = z^′ = 0 for two field point radii: ρ = b (on the wire) and ρ = 1.5b (halfway between wire and charge).

Fig. 2. The derivative w.r.t. ρ of the integrals b I_{Em}, m = 0, ..., 4, versus the radial field point coordinate ϕ for a point charge located at ρ^′ = 2b, ϕ^′ = z^′ = 0 for two values of the longitudinal field point coordinate, z = 0 and z = b .

Fig. 3. The relative surface charge density η(ϕ, z) 4πb^2/Q on the wire (radius b) due to a point charge Q located at ρ^′ = 2b, ϕ^′ = z^′ = 0 versus relative longitudinal coordinate z/b for angles ϕ = 0, π/4, ..., π (left) and versus azimuthal angle ϕ for z/b = 0, 1, ..., 5 (right).