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QCD lecture 2 (p. 2)

An extended (differently ordered, 2009) version of these
lectures is available from:

http://www.lpthe.jussieu.fr/~salam/teaching/PhD-courses.html

or equivalently

http://bit.ly/dqoIpj

http://www.lpthe.jussieu.fr/~salam/teaching/PhD-courses.html
http://bit.ly/dqoIpj


QCD lecture 2 (p. 3)

Soft-collinear implications Soft & collinear gluon emission

Take squared matrix element and rewrite in terms of E , θ,

2p1.p2
(2p1.k)(2p2.k)

=
1

E 2(1− cos2 θ)

So final expression for soft gluon emission is

dS =
2αsCF

π

dE

E

dθ

sin θ

dφ

2π

NB:

◮ It diverges for E → 0 — infrared (or soft) divergence

◮ It diverges for θ → 0 and θ → π — collinear divergence

Soft, collinear divergences derived here in specific context of e+e− → qq̄
But they are a very general property of QCD
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Soft-collinear implications

How many gluons are emitted?

Yesterday we discussed the total cross section &

real-virtual cancellation

Today let’s look at more “exclusive” quantities —

structure of final state
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Soft-collinear implications

How many gluons are emitted?
Naive gluon multiplicity

Let’s try and integrate emission probability to get the mean number of
gluons emitted off a quark with energy ∼ Q:

〈Ng 〉 ≃
2αsCF

π

∫ Q dE

E

∫ π/2 dθ

θ

This diverges unless we cut the integral off for transverse momenta
(kt ≃ Eθ) below some non-perturbative threshold, Q0 ∼ ΛQCD .

On the grounds that perturbation no longer applies for kt ∼ ΛQCD

Language of quarks and gluons becomes meaningless

With this cutoff, result is:

〈Ng 〉 ≃
αsCF

π
ln2

Q

Q0
+O (αs lnQ)
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QCD lecture 2 (p. 6)

Soft-collinear implications

How many gluons are emitted?
Naive gluon multiplicity (cont.)

Suppose we take Q0 = ΛQCD , how big is the result?
Let’s use αs = αs(Q) = 1/(2b lnQ/Λ)

[Actually, over most of integration range this is optimistically small]

〈Ng 〉 ≃
αsCF

π
ln2

Q

ΛQCD

→ CF

2bπ
ln

Q

ΛQCD

NB: given form for αs, this is actually ∼ 1/αs

Put in some numbers: Q = 100 GeV, ΛQCD ≃ 0.2 GeV, CF = 4/3, b ≃ 0.6,

−→ 〈Ng 〉 ≃ 2.2

Perturbation theory assumes that first-order term, ∼ αs should be ≪ 1.

But the final result is ∼ 1/αs > 1. . .
Is perturbation theory completely useless?
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Soft-collinear implications

How many gluons are emitted?

Given this failure of first-order perturbation theory, two
possible avenues.

1. Continue calculating the next order(s) and see what

happens

2. Try to see if there exist other observables for which

perturbation theory is better behaved
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Soft-collinear implications

How many gluons are emitted?

p

k

p

k
θ

Gluon emission from quark:
2αsCF

π

dE

E

dθ

θ

Gluon emission from gluon:
2αsCA

π

dE

E

dθ

θ

Both expressions valid
only if θ ≪ 1 and
energy soft relative to
parent

◮ Same divergence structures, regardless of where gluon is emitted from

◮ All that changes is the colour factor (CF = 4/3 v. CA = 3)

◮ Expect low-order structure (αs ln
2 Q) to be replicated at each new order
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Soft-collinear implications

How many gluons are emitted?
Picturing a QCD event

q

q

Start of with qq̄



QCD lecture 2 (p. 9)

Soft-collinear implications

How many gluons are emitted?
Picturing a QCD event

q

q

A gluon gets emitted at small angles
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How many gluons are emitted?
Picturing a QCD event

q

q

It radiates a further gluon
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How many gluons are emitted?
Picturing a QCD event

q

q

And so forth
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Soft-collinear implications

How many gluons are emitted?
Picturing a QCD event

q

q

Meanwhile the same happened on other side of event



QCD lecture 2 (p. 9)

Soft-collinear implications

How many gluons are emitted?
Picturing a QCD event

q

q

And then a non-perturbative transition occurs
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Soft-collinear implications

How many gluons are emitted?
Picturing a QCD event

q

q

π, K, p, ...

Giving a pattern of hadrons that “remembers” the gluon branching
Hadrons mostly produced at small angle wrt qq̄ directions or with low energy
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Soft-collinear implications

How many gluons are emitted?
Gluon v. hadron multiplicity

It turns out you can calculate the gluon
multiplicity analytically, by summing all or-
ders (n) of perturbation theory:

〈Ng 〉 ∼
∑

n

1

(n!)2

(

CA

πb
ln

Q

Λ

)n

∼ exp

√

4CA

πb
ln

Q

Λ

Compare to data for hadron multiplicity
(Q ≡ √

s)
Including some other higher-order terms

and fitting overall normalisation

Agreement is amazing!

charged hadron multiplicity

in e+e− events

adapted from ESW
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Parton showers

We don’t want to have to do analytical calculations

for every observable an experimenter measures.

[too many experimenters, observables too complex, too few theorists]

Resort to parton showers

Using the soft-collinear approximation to make

predictions about events’ detailed structure
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Parton showers Non-emission probability

How can we get a computer program to generate all the nested ensemble of
soft/collinear emissions?

The way to frame the question is: what is the probability of not radiating a
gluon above a scale kt?

P(no emission above kt) = 1− 2αsCF

π

∫ Q dE

E

∫ π/2 dθ

θ
Θ(Eθ − kt)

In the soft-collinear limit, it’s quite easy to calculate the full probability of
nothing happening: it’s just the exponential of the first order:

P(nothing > kt) ≡ ∆(kt ,Q) ≃ exp

[

−2αsCF

π

∫ Q dE

E

∫ π/2 dθ

θ
Θ(Eθ − kt)

]

NB1: ∆ is bounded — 0 < ∆(kt ,Q) < 1

NB2: to do this properly, running coupling should be inside integral

+ replace dE/E with full collinear splitting function



QCD lecture 2 (p. 13)

Parton showers The parton shower

∆(kt ,Q) is known as a Sudakov Form Factor

Probability distribution for first emission (e.g. qq̄ → qq̄g) is simple

dP

dkt1
=

d

dkt1
∆(kt1,Q)

Easy to generate this distribution by Monte Carlo

Take flat random number 0 < r < 1 and solve ∆(kt ,Q) = r

Now we have a qq̄g system.

We next work out a Sudakov for there being no emission from the qq̄g
system above scale kt2 (< kt1): ∆

qqg (kt2, kt1), and use this to generate kt2.

Then generate kt3 emission from the qq̄gg system (kt3 < kt2). Etc.

Repeat until you reach a non-perturbative cutoff scale Q0, and then stop.

This gives you one “parton-shower” event
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Parton showers Shower variants

That was a description that roughly encompasses:

◮ The New Pythia shower Pythia 8.1, and the pt ordered option of Pythia 6.4

◮ The Ariadne shower

Other showers:

◮ Old Pythia (& Sherpa): order in virtuality instead of kt and each parton
branches independently (+ angular veto) works fine on most data

but misses some theoretically relevant contributions

by far the most widely used shower

◮ Herwig (6.5 & ++): order in angle, and each parton branches
independently Herwig++ fills more of phase space than 6.5

That was all for a “final-state” shower

◮ Initial-state showers also need to deal carefully with PDF evolution
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Parton showers An example

1. You select the beams and their energy
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Parton showers An example

2. You select the hard process (here Z + jet production)
Herwig generates kinematics for the hard process
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Parton showers An example

3. Herwig “dresses” it with initial and final-state showers
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Parton showers Hadronisation Models
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String Fragmentation
(Pythia and friends)
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Pictures from ESW book
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Parton showers MC comparisons to LEP data
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QCD lecture 2 (p. 18)

Better observables

It’s amazing that just soft/collinear “showering” + a
hadronisation-model gives such a good description of the

physics.

BUT:

1. haven’t we left out all the information that comes from
exact Feynman diagrams?

2. what if we want to get back at the information about
the “original” quarks?



QCD lecture 2 (p. 19)

Better observables Reconstructing Z ′ → qq̄?

Take the leading hadrons: how much “unlike” the original quarks are they?

To find out, check their pair invariant mass.

X
pp

q

q

q

q
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Better observables Reconstructing Z ′ → qq̄?
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Better observables Reconstructing Z ′ → qq̄ (via jets)?

We really want to capture the bulk of the energy flow from the quark

i.e. a JET



QCD lecture 2 (p. 20)

Better observables Reconstructing Z ′ → qq̄ (via jets)?

We really want to capture the bulk of the energy flow from the quark

i.e. a JET

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0  200  400  600  800  1000

1/
N

 d
N

/d
m

 [G
eV

-1
]

m [GeV]

Reconstructing Z’ with m = 1000 GeV

di-particle mass

pp 14 TeV

Pythia 6.423, tune DW

X
pp

q

q

q

q



QCD lecture 2 (p. 20)

Better observables Reconstructing Z ′ → qq̄ (via jets)?

We really want to capture the bulk of the energy flow from the quark

i.e. a JET
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Better observables Reconstructing Z ′ → qq̄ (via jets)?

We really want to capture the bulk of the energy flow from the quark

i.e. a JET
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jetAn observable that captures the essence of a parton’s
kinematics is good:

1. for physics analyses

2. for calculations

Such observables have a property known as
“infrared and collinear safety”
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Better observables

IR/Collinear safety
Infrared and Collinear Safety (definition)

For an observable’s distribution to be calculable in [fixed-order]
perturbation theory, the observable should be infra-red safe, i.e.
insensitive to the emission of soft or collinear gluons. In particular if ~pi
is any momentum occurring in its definition, it must be invariant under
the branching

~pi → ~pj + ~pk

whenever ~pj and ~pk are parallel [collinear] or one of them is small
[infrared]. [QCD and Collider Physics (Ellis, Stirling & Webber)]

Examples

◮ Multiplicity of gluons is not IRC safe [modified by soft/collinear splitting]

◮ Energy of hardest particle is not IRC safe [modified by collinear splitting]

◮ Energy flow into a cone is IRC safe [soft emissions don’t change energy flow

collinear emissions don’t change its direction]
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Better observables

IR/Collinear safety
Sterman-Weinberg jets

The original (finite) jet definition

An event has 2 jets if at least a frac-
tion (1 − ǫ) of event energy is con-
tained in two cones of half-angle δ.

δ

σ2−jet = σqq̄

(

1 +
2αsCF

π

∫

dE

E

dθ

sin θ

(

R

(

E

Q
, θ

)

×

×
(

1−Θ

(

E

Q
− ǫ

)

Θ(θ − δ)

)

− V

(

E

Q
, θ

)))

◮ For small E or small θ this is just like total cross section — full
cancellation of divergences between real and virtual terms.

◮ For large E and large θ a finite piece of real emission cross section is cut
out.

◮ Overall final contribution dominated by scales ∼ Q — cross section is
perturbatively calculable.
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Better observables

IR/Collinear safety
Real 2-jet event

Near ‘perfect’ 2-jet event

2 well-collimated jets of particles.

Nearly all energy contained in two
cones.

Cross section for this to occur is

σ2−jet = σqq̄(1− c1αs + c2α
2
s + . . .)

where c1, c2 all ∼ 1.



QCD lecture 2 (p. 24)

Better observables

IR/Collinear safety
3-jet event

How many jets?

◮ Most of energy contained in 3
(fairly) collimated cones

◮ Cross section for this to happen is

σ3−jet = σqq̄(c
′

1αs + c ′2α
2
s + . . .)

where the coefficients are all
O (1)

Cross section for extra gluon diverges
Cross section for extra jet is small, O (αs)

NB: Sterman-Weinberg procedure gets

complex for multi-jet events. 4th lec-

ture will discuss modern approaches for

defining jets.



QCD lecture 2 (p. 25)

Summary 2nd lecture summary

◮ Soft-collinear divergences are universal property of QCD

◮ Lead to divergent predictions for many observables

◮ Regularising the divergences near ΛQCD and summing over all orders in a
soft/collinear approximation works remarkably well.

◮ A parton shower is an easily-used computer-implementation of that idea.
[parton showers are ubiquitous in any collider context]

◮ But: not all observables are affected by these soft/collinear splittings.
Those that are unaffected are called “IR/Collinear safe”:

◮ Tend to be good for practical physics studies (e.g. new physics searches)

◮ Can also be calculated within plain fixed-order QCD
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