
1 Supplementary material for LHCb-PAPER-2018-231

051232

1.1 Further tables and plots for the nominal solution233

The results of the nominal solution as function of x, y,∆x,∆y is shown in Table 2. Its234

corresponding correlation matrix is presented in Table 3.

Table 2: Dalitz plot fit results of the nominal solution as function of x, y,∆x,∆y, where the
uncertainty presented is statistical only.

Component x y ∆x ∆y
K∗(892)0 1.00 (fixed) 0 (fixed) −0.06± 0.04 0 (fixed)
K∗0(1430)0 −0.66± 0.08 0.26± 0.09 −0.07± 0.08 −0.31± 0.08
Single-Pole −1.77± 0.16 −0.49± 0.15 0.14± 0.11 −0.97± 0.16
ρ(1450)0 −1.80± 0.16 0.53± 0.24 −0.33± 0.14 −0.70± 0.25
f2(1270) −0.46± 0.13 −0.86± 0.09 0.23± 0.13 0.03± 0.09
rescattering 0.60± 0.19 −1.22± 0.13 0.46± 0.20 −0.37± 0.12
φ(1020) 0.03± 0.07 0.03± 0.05 0.09± 0.07 −0.18± 0.05

235

Projections of the nominal solution, separated by charge, are shown in Figs. 4, 5 and 6.236

The Dalitz plot of the B+ and B− candidates is shown in Fig. 7.237
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Figure 4: Distribution of m2
π±K∓ up to 3.5 GeV2/c4. Data are represented by points for B+

and B− candidates separately, with the result of the nominal solution overlaid. The relative
contribution of the individual components in the model is also shown, with the interference
terms effects not included.
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Figure 5: Distribution of m2
π±K∓ in the high mass region. Data are represented by points

for (top) B+ and (bottom) B− with the result of the nominal solution overlaid. The relative
contribution of the individual components in the model is also shown, with the interference
terms effects not included.
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Figure 6: Distribution of m2
K+K− up to 3.5 GeV2/c4. Data are represented by points for B+

and B− candidates separately, with the result of the nominal solution overlaid. The relative
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Table 3: Correlation matrix for the nominal solution.
K∗0(892): par 3 = ∆x. K∗0 (1430)0: par 5,6,7,8 = x, y,∆x,∆y. NR Single-Pole Form Factor: par
9,10,11,12 = x, y,∆x,∆y. ρ(1450)0: par 13,14,15,16 = x, y,∆x,∆y. f2(1270): par 17,18,19,20
= x, y,∆x,∆y. Rescattering: par 21,22,23,24 = x, y,∆x,∆y. φ(1020): par 24,26,27,28 =
x, y,∆x,∆y.
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1.2 Second fit solution238

In the following the results and projections of the second solution are presented in Table 4239

and Figs. 8, 9, 10. This is interpreted as an unphysical solution.240

Table 4: Results of the Dalitz plot fit using the isobar model for the second solution, where the
uncertainty presented is statistical only. This solution is interpreted as unphysical.

Fit fraction (%) Magnitude and phase coefficients ACP (%)
Component B+ B− a+i δ+i [◦] a−i δ−i [◦]
K∗(892)0 5.7± 0.8 10.4± 1.0 0.93± 0.04 0 (fixed) 1.07± 0.04 0 (fixed) 14.9± 8.6
K∗0(1430)0 3.5± 1.2 34.9± 3.7 0.73± 0.15 −176± 10 1.97± 0.14 −149± 3 76.1± 10.2
Single-Pole 30.9± 1.9 31.0± 3.0 2.16± 0.13 −138± 7 1.86± 0.13 140± 7 −15.0± 5.9
ρ(1450)0 29.5± 1.8 32.4± 2.1 2.11± 0.11 −175± 10 1.90± 0.10 77± 13 −10.6± 4.4
f2(1270) 4.7± 0.9 10.8± 1.4 0.84± 0.09 −106± 11 1.10± 0.08 170± 5 25.7± 10.3
rescattering 23.7± 1.3 6.8± 0.9 1.89± 0.09 −57± 12 0.87± 0.07 −145± 17 −65.0± 3.9
φ(1020) 0.2± 0.2 0.4± 0.2 0.19± 0.07 −53± 23 0.22± 0.06 42± 30 11.2± 43.1
Sum 98.3 126.7
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Figure 8: Distribution of m2
π±K∓ up to 3.5 GeV2/c4. Data are represented by points for B+ and

B− candidates separately, with the result of the second solution overlaid. This is interpreted as
an unphysical solution. The relative contribution of the individual components in the model is
also shown, with the interference terms effects not included.
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Figure 9: Distribution of m2
π±K∓ in the high mass region. Data are represented by points for

(top) B+ and (bottom) B− with the result of the second solution overlaid. This is interpreted
as an unphysical solution. The relative contribution of the individual components in the model
is also shown, with the interference terms effects not included.
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Figure 10: Distribution of m2
K+K− up to 3.5 GeV2/c4. Data are represented by points for B+

and B− candidates separately, with the result of the second solution overlaid. This is interpreted
as an unphysical solution. The relative contribution of the individual components in the model
is also shown, with the interference terms effects not included.

The results of the second solution given as function of x, y,∆x,∆y is shown in Table 5.241

Its corresponding correlation matrix is presented in Table. 6.242

Table 5: Dalitz plot fit results of the second solution as function of x, y,∆x,∆y, where the
uncertainty presented is statistical only.

Component x y ∆x ∆y
K∗(892)0 1.00 (fixed) 0 (fixed) −0.08± 0.04 0 (fixed)
K∗0(1430)0 −1.21± 0.10 −0.53± 0.12 0.48± 0.08 0.48± 0.13
Single-Pole −1.51± 0.16 −0.12± 0.13 −0.09± 0.13 −1.32± 0.13
ρ(1450)0 −0.83± 0.21 0.84± 0.20 −1.27± 0.23 −1.01± 0.19
f2(1270) −0.66± 0.10 −0.31± 0.13 0.42± 0.09 −0.50± 0.13
rescattering 0.16± 0.18 −1.04± 0.15 0.88± 0.18 −0.54± 0.15
φ(1020) 0.14± 0.06 −0.01± 0.06 −0.02± 0.06 −0.15± 0.06
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Table 6: Correlation matrix for the second solution. This is interpreted as an unphysical solution.
K∗(892)0: par 3 = ∆x. K∗0 (1430)0: par 5,6,7,8 = x, y,∆x,∆y. NR Single-Pole Form Factor: par
9,10,11,12 = x, y,∆x,∆y. ρ(1450)0: par 13,14,15,16 = x, y,∆x,∆y. f2(1270): par 17,18,19,20
= x, y,∆x,∆y. Rescattering: par 21,22,23,24 = x, y,∆x,∆y. φ(1020): par 24,26,27,28 =
x, y,∆x,∆y.
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1.3 Systematic uncertainties243

The systematic uncertainties for CP asymmetries, total fit fractions, B+ and B− fit244

fractions, magnitudes and phases for the B± → π±K+K− Dalitz plot fit are shown in245

Tables 7 to 11, respectively.246

Table 7: Systematic uncertainties for the CP asymmetries (in percent).

ACP K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 8.7 14.9 5.3 4.4 10.2 3.8 43.6
B± mass fit

Maximum value 2.6 2.63 2.01 0.28 0.08 0.26 10.11
Minimum value 0.26 0.35 0.3 0.25 0.73 0.14 14.27

Efficiency model
Simulation sample size 0.54 0.9 0.27 0.37 0.83 0.39 2.47
PID 1.75 0.41 0.12 0.03 0.07 0.01 0.06
L0 trigger correction 0.55 0.18 0.16 0.01 0.21 0.02 0.03
Finer binning 0.96 0.11 0.15 0.02 1.01 0.23 0.2
Coarse binning 0.19 1.4 0.21 0.17 2.05 0.07 2.21
B+ production and detection asymmetry 1.49 1.51 1.48 1.48 1.39 0.85 1.47
MC truth requirement 0.03 0.01 0.0 0.0 0.02 0.0 0.01

Background models
Combinatorial background 1.34 1.19 0.42 0.19 0.85 0.37 2.52
Peaking background 0.19 0.24 0.08 0.09 0.15 0.09 0.89

Isobar Model
Fit bias 0.63 0.94 0.22 0.16 0.84 0.19 0.23
Blatt Weisskopf radii set in 3 GeV−1 0.9 1.39 0.83 0.36 2.79 1.04 2.78
Blatt Weisskopf radii set in 5 GeV−1 0.41 0.39 0.43 0.33 1.24 0.8 3.39
Mass and width variation 0.82 7.52 1.6 0.34 1.07 0.65 7.52
φ background level

Upward 0.1 0.06 0.06 0.07 0.42 0.07 9.14
Downward 0.12 0.12 0.1 0.12 0.42 0.11 9.66

ρ(1450) free to float in the fit 1.67 1.97 1.33 1.63 1.58 0.64 11.34
Total systematic uncertainty 4.51 8.78 3.45 2.36 4.81 1.94 26.59

Table 8: Systematic uncertainties for the total fit fractions (in percent).

Total fit fraction FF K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 0.60 0.68 1.54 1.22 0.82 0.75 0.13
B± mass fit

Maximum value 0.38 0.78 2.0 0.25 0.06 0.55 0.01
Minimum value 0.04 0.19 0.51 0.08 0.07 0.44 0.05

Efficiency model
Statistical fluctuation 0.04 0.04 0.09 0.09 0.07 0.09 0.01
PID 0.1 0.02 0.04 0.04 0.01 0.02 0.0
L0 trigger correction 0.03 0.01 0.05 0.03 0.01 0.04 0.0
Finer binning 0.01 0.02 0.05 0.11 0.05 0.13 0.01
Coarse binning 0.03 0.01 0.09 0.09 0.01 0.05 0.0
B production and detection asymmetry 0.03 0.02 0.02 0.02 0.05 0.13 0.0
MC truth requirement 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Background models
Combinatorial background 0.11 0.23 0.48 0.31 0.17 0.17 0.0
Peaking background 0.02 0.03 0.1 0.11 0.04 0.05 0.0

Isobar model
Fit bias 0.22 0.05 0.19 0.04 0.0 0.02 0.05
Blatt Weisskopf radii set in 3 GeV−1 0.03 0.38 0.13 0.02 0.12 0.29 0.01
Blatt Weisskopf radii set in 5 GeV−1 0.01 0.21 0.14 0.1 0.04 0.21 0.0
Mass and Width variation 0.19 0.76 3.45 0.79 0.23 0.35 0.01
φ background level

Upward 0.01 0.06 0.23 0.08 0.05 0.24 0.03
Downward 0.01 0.06 0.25 0.09 0.05 0.27 0.03

ρ(1450) free to float in the fit 0.07 0.22 0.17 0.03 0.6 0.0 0.03
Total systematic uncertainty 0.51 1.23 4.07 0.92 0.69 0.97 0.09
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Table 9: Systematic uncertainties for B+ and B− fit fractions (in percent).

B+ Fit fraction: FF+ K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 0.8 0.8 2.0 1.5 0.9 1.1 0.2
B± mass fit

Maximum value 0.1 0.5 1.52 0.02 0.0 0.68 0.02
Minimum value 0.0 0.13 0.46 0.19 0.1 0.57 0.01

Efficiency model
Simulation sample size 0.05 0.05 0.13 0.12 0.08 0.14 0.01
PID 0.18 0.03 0.07 0.06 0.02 0.06 0.0
L0 trigger correction 0.06 0.0 0.07 0.05 0.01 0.08 0.0
Finer binning 0.05 0.01 0.01 0.09 0.03 0.17 0.01
Coarse binning 0.02 0.06 0.0 0.15 0.14 0.04 0.01
B production and detection asymmetry 0.0 0.0 0.0 0.0 0.0 0.0 0.0
MC truth requirement 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Background models
Combinatorial background 0.16 0.17 0.43 0.31 0.16 0.19 0.01
Peaking background 0.02 0.02 0.08 0.1 0.03 0.06 0.0

Isobar Model
Fit bias 0.13 0.07 0.13 0.01 0.06 0.07 0.05
Blatt Weisskopf radii set in 3 GeV−1 0.03 0.24 0.13 0.14 0.25 0.29 0.02
Blatt Weisskopf radii set in 5 GeV−1 0.02 0.15 0.0 0.0 0.05 0.2 0.01
Mass and width variation 0.11 0.8 3.0 0.79 0.22 0.42 0.02
φ background level

Upward 0.0 0.04 0.22 0.12 0.06 0.32 0.0
Downward 0.01 0.04 0.24 0.14 0.07 0.35 0.0

ρ(1450) free to float in the fit 0.16 0.09 0.56 0.38 0.49 0.11 0.06
Total systematic uncertainty 0.36 1.01 3.49 1.00 0.65 1.19 0.08

B− Fit fraction: FF− K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 1.0 1.2 2.6 1.9 1.3 0.8 0.2
B± mass fit

Maximum value 0.8 1.17 2.61 0.63 0.19 0.22 0.04
Minimum value 0.1 0.28 0.57 0.09 0.01 0.22 0.13

Efficiency model
Simulation sample size 0.07 0.05 0.13 0.13 0.1 0.07 0.01

PID 0.01 0.01 0.02 0.01 0.0 0.0 0.0
L0 trigger correction 0.01 0.01 0.02 0.0 0.02 0.01 0.0
Finer binning 0.09 0.03 0.13 0.15 0.15 0.09 0.02
Coarse binning 0.04 0.05 0.22 0.01 0.14 0.04 0.01
B production and detection asymmetry 0.0 0.0 0.0 0.0 0.0 0.0 0.0
MC truth requirement 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Background models
Combinatorial background 0.1 0.32 0.59 0.34 0.2 0.14 0.01
Peaking background 0.02 0.05 0.12 0.12 0.05 0.04 0.0

Isobar Model
Fit bias 0.34 0.02 0.27 0.11 0.09 0.04 0.05
Blatt Weisskopf radii set in 3 GeV−1 0.11 0.57 0.49 0.15 0.05 0.31 0.0
Blatt Weisskopf radii set in 5 GeV−1 0.04 0.28 0.35 0.26 0.16 0.23 0.01
Mass and width variation 0.31 0.77 4.1 0.8 0.26 0.26 0.03
φ background level

Upward 0.03 0.09 0.24 0.03 0.02 0.11 0.07
Downward 0.03 0.1 0.26 0.01 0.03 0.14 0.09

ρ(1450) free to float in the fit 0.04 0.39 0.37 0.59 0.74 0.13 0.0
Total systematic uncertainty 0.95 1.65 5.00 1.29 0.88 0.63 0.18
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Table 10: Systematic uncertainties for B+ and B− magnitudes.

B+ magnitude: a+ Resonant Components
K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 0.04 0.09 0.13 0.11 0.09 0.09 0.07
B± mass fit

Maximum value 0.01 0.04 0.1 0.05 0.02 0.01 0.0
Minimum value 0.0 0.01 0.02 0.01 0.01 0.02 0.0

Efficiency model
Simulation sample size 0.0 0.01 0.01 0.01 0.01 0.01 0.0
PID 0.01 0.01 0.02 0.02 0.01 0.02 0.0
L0 trigger correction 0.0 0.0 0.0 0.01 0.0 0.01 0.0
Finer binning 0.0 0.0 0.0 0.0 0.0 0.01 0.0
Coarse binning 0.0 0.01 0.01 0.0 0.01 0.01 0.0
B production and detection asymmetry 0.01 0.01 0.02 0.02 0.01 0.02 0.0
MC truth requirement 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Background models
Combinatorial background 0.01 0.02 0.03 0.02 0.02 0.02 0.0
Peaking background 0.0 0.0 0.01 0.01 0.0 0.0 0.0

Isobar Model
Fit bias 0.0 0.01 0.03 0.02 0.01 0.02 0.01
Blatt Weisskopf radii set in 3 GeV−1 0.0 0.02 0.0 0.0 0.02 0.01 0.01
Blatt Weisskopf radii set in 5 GeV−1 0.0 0.02 0.0 0.0 0.01 0.01 0.0
Mass and width variation 0.0 0.08 0.13 0.04 0.02 0.03 0.01
φ background level

Upward 0.0 0.0 0.01 0.0 0.01 0.01 0.0
Downward 0.0 0.0 0.01 0.01 0.01 0.01 0.0

ρ(1450) free to float in the fit 0.01 0.01 0.03 0.0 0.05 0.01 0.02
Total systematic uncertainty 0.02 0.09 0.17 0.07 0.07 0.06 0.02

B− magnitude: a− K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 0.04 0.09 0.12 0.10 0.08 0.07 0.06
B± mass fit

Maximum value 0.01 0.06 0.14 0.04 0.02 0.01 0.02
Minimum value 0.0 0.02 0.02 0.0 0.0 0.01 0.03

Efficiency model
Simulation sample size 0.0 0.0 0.01 0.01 0.01 0.01 0.0
PID 0.01 0.01 0.02 0.02 0.01 0.01 0.0
L0 trigger correction 0.0 0.0 0.01 0.01 0.0 0.0 0.0
Finer binning 0.0 0.0 0.0 0.0 0.01 0.01 0.0
Coarse binning 0.0 0.0 0.01 0.0 0.01 0.0 0.0
B production and detection asymmetry 0.01 0.01 0.01 0.01 0.01 0.01 0.0
MC truth requirement 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Background models
Combinatorial background 0.01 0.02 0.02 0.02 0.01 0.01 0.0
Peaking background 0.0 0.0 0.01 0.0 0.0 0.0 0.0

Isobar Model
Fit bias 0.0 0.01 0.03 0.02 0.02 0.01 0.0

Blatt Weisskopf radii set in 3 GeV−1 0.0 0.04 0.02 0.01 0.0 0.02 0.0
Blatt Weisskopf radii set in 5 GeV−1 0.0 0.02 0.01 0.01 0.01 0.02 0.0
Mass and width variation 0.0 0.06 0.14 0.03 0.02 0.02 0.01
φ background level

Upward 0.0 0.01 0.01 0.0 0.0 0.01 0.02
Downward 0.0 0.01 0.01 0.0 0.0 0.01 0.02

ρ(1450) free to float in the fit 0.01 0.03 0.0 0.03 0.04 0.0 0.0
Total systematic uncertainty 0.02 0.10 0.20 0.07 0.05 0.04 0.04
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Table 11: Systematic uncertainties for B− and B− phases (in degrees).

B+ phase: δ+
Component

K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)
Statistical uncertainty 0 [fixed] 10 7 10 11 12 23
B± mass fit

Maximum value – 1.13 2.6 1.48 0.18 0.98 3.56
Minimum value – 0.47 0.07 1.04 1.65 2.07 1.56

Efficiency model
Simulation sample size – 0.72 0.55 0.7 0.92 1.06 1.75
PID – 1.58 1.38 1.12 1.12 1.1 1.07
L0 trigger correction – 0.66 0.58 0.49 0.42 0.43 0.58
Finer binning – 0.39 0.4 0.9 1.17 1.74 1.3
Coarse binning – 0.38 0.74 0.27 0.35 0.24 0.36
B production and detection asymmetry – 0.01 0.0 0.01 0.02 0.01 0.02
MC truth requirement – 0.04 0.04 0.04 0.04 0.05 0.08

Background models
Combinatorial background – 2.57 1.66 3.03 3.09 3.04 3.16
Peaking background – 0.52 0.32 0.41 0.48 0.53 0.55

Isobar model
Fit bias – 0.07 0.3 0.06 0.34 0.06 0.08
Blatt Weisskopf radii set in 3 GeV−1 – 0.95 1.35 0.28 6.01 0.97 4.81
Blatt Weisskopf radii set in 5 GeV−1 – 0.41 0.62 0.17 3.32 0.3 3.48
Mass and width variation – 14.37 2.7 6.78 4.92 6.94 10.55
φ background level

Upward – 0.13 0.0 0.22 0.55 0.75 0.37
Downward – 0.12 0.01 0.28 0.66 0.92 0.55

ρ(1450) free to float in the fit – 4.72 1.91 12.39 1.41 15.87 29.02
Total systematic uncertainty – 15.55 5.10 14.66 9.51 17.96 31.95

B− phase: δ− K∗(892) K∗0(1430)0 Single pole ρ(1450)0 f2(1270) Rescattering φ(1020)

Statistical uncertainty 0 [fixed] 11 6 13 11 14 33
B± mass fit

Maximum value – 2.15 0.85 2.94 3.36 3.85 2.25
Minimum value – 1.0 0.48 2.52 2.75 3.51 4.94

Efficiency model
Simulation sample size – 0.61 0.41 0.71 0.74 0.88 1.16
PID – 0.13 0.09 0.11 0.1 0.11 0.12
L0 trigger correction – 0.48 0.42 0.2 0.15 0.15 0.19
Finer binning – 0.06 0.34 0.44 0.77 0.33 2.07
Coarse binning – 0.54 0.59 0.17 0.24 0.31 0.99
B production and detection asymmetry – 0.0 0.0 0.02 0.02 0.02 0.04
MC truth requirement – 0.03 0.02 0.01 0.01 0.01 0.02

Background models
Combinatorial background – 2.26 1.48 4.46 3.96 4.35 5.56
Peaking background – 0.55 0.27 0.64 0.62 0.67 0.85

Isobar Model
Fit bias – 0.8 0.02 0.89 0.07 1.42 0.11
Blatt Weisskopf radii set in 3 GeV−1 – 0.83 0.94 3.16 8.64 4.99 6.69
Blatt Weisskopf radii set in 5 GeV−1 – 0.5 0.49 1.07 4.57 2.11 4.8
Mass and width variation – 20.99 3.62 9.81 8.37 9.26 11.87
φ background level

Upward – 0.31 0.11 0.66 0.85 1.27 1.34
Downward – 0.3 0.1 0.75 0.95 1.4 2.15

ρ(1450) free to float in the fit – 0.49 1.69 15.9 0.78 7.47 37.67
Total systematic uncertainty – 21.31 4.59 19.95 14.28 14.96 41.28

22


	Supplementary material for LHCb-PAPER-2018-051
	Further tables and plots for the nominal solution
	Second fit solution
	Systematic uncertainties

	References

